INTRODUCTION
We have seen in the last decade how important it is to switch from the consideration of particular orderings of fields to a study of the set of all orderings of all residue class fields of a commutative ring A, i.e., the real spectrum Sper A Now why not do the same with valuations? This leads to the definition of "valuation spectra." In principle the points of the valuation spectrum SpvA should be pairs (p,w) consisting of a prime ideal p of A, i.e., a point of Spec A, and a Krull valuation v of the residue class field qf(A/p). Different valuations of qf(A/p) which have the same valuation ring are identified.
M. J. de la Puente has written a thesis under the guidance of G. Brumfiel at Stanford about such a valuation spectrum Spv A (which she calls the "Riemann surface" of A [Pu] . Without being aware of the work of Puente (which had not yet appeared), one of us (R.H.) in 1987 started a thorough investigation of valuation spectra [Hu, Chap. I]. Puente and Huber both arrive at the same definition of Spv A.
The motivations of Puente (and Brumfiel) and Huber are different. Puente and Brumfiel want to use valuation spectra for compactification of affine algebraic varieties. Here we should also mention a recent paper by N. Schwartz [S] , where he uses a related "absolute value spectrum" (which he also calls the "valuation spectrum") for the same purpose. The authors of the present article have been driven by some striking analogies between semialgebraic geometry and rigid analytic geometry, a subject started by John Tate (cf. [BGR] , [FP] ). This led Huber to a new "abstract" approach to rigid analytic geometry by use of "analytic spectra," which are natural descendents of valuation spectra [Hu] .
(Only recently have we become aware of the extensive work of V. Berkovich [Be] , who studies rank 1 valuations of Banack algebras and applies his theory to rigid analytic geometry. This is another "abstract" approach to rigid geometry.) Since Huber's abstract rigid geometry is close in spirit to abstract real algebraic geometry, it is not surprising that these two theories can be "mixed." One result of such a mixture is Huber's recent paper on semirigid functions [H114], which permits studies of real phenomena of rigid analytic varieties. As has been amply demonstrated by the Spanish school (Andradas, Ruiz, ... cf. also their article in this volume), semianalytic geometry is amenable to methods from abstract real algebraic geometry. We have high hopes that the same will turn out to be true of semirigid geometry.
The spaces on which the semirigid functions are defined are derivates of real valuation spectra. The real valuation spectrum Sperv A of a commutative ring is a refinement of the real spectrum Sper A Its points are the triples (p,P, C) with p € Spec A, P an ordering on qf(A/p), and C a convex subring of qf(A/p) with respect to P. Notice that (p,P) is a point of Sper A and (p,C) is a point of Spv A. In this way Sperv A may be viewed as a natural subspace of the fibre product of Sper A and Spv A over Spec A.
Real valuation spectra are indispensable in real rigid geometry. They seem to be also a valuable tool in real algebraic geometry, as is indicated by the very frequent occurence of real valuation rings in arguments in this area. All this has motivated us to give several talks about valuation spectra in the Ragsquad seminar and also talks about semirigid functions, both in the Ragsquad seminar and at the AMS conference at San Francisco in January '91. This is also the motivation for the present article.
In this article we intend to give a comprehensive account of basic facts about valuation spectra, as defined in [Hu] . We also give some applications to algebraic geometry in order to demonstrate that valuation spectra are already useful there. We have decided not to go on to real valuation spectra and real geometry in this article, because we want to keep the picture as simple as possible. (A [very] brief treatment of real valuation spectra can be found in §1 of [HU4] .) Once the reader has obtained a firm grasp of valuation spectra and a feeling about possible applications in algebraic geometry, he or she will have no difficulty understanding real valuation spectra, and will hopefully be able to explore applications in real algebraic geometry. The reader will also find the door open to abstract rigid geometry, which is a very extensive-but useful-enlargement of classical rigid geometry.
Thinking about applications of valuation spectra in algebraic or real algebraic geometry, we should remember that valuations played a central role in Zariski's approach from the late 1930's, building up algebraic geometry by algebraic means. Later this role was reduced by Grothendieck and others in favour of prime ideals. Valuations survived, for example, in various valuative criteria and the resolution of singularities, but lost their dominance in algebraic geometry. Recently, in the Ragsquad seminar and elsewhere, we experienced a revived interest in Zariski's work. This should not be surprising since valuations occur so frequently and in such a natural way in real algebraic geometry.
Valuation spectra may be viewed as a refinement of Zariski spectra. We hope that Chapter 4 of the present article will convince the reader that this refinement, which brings us closer to Zariski's work, can be useful for problems of very different type in algebraic geometry.
1. The valuation spectrum of a ring 1.1. Definition of the valuation spectrum. Let A be a ring. (All rings are tacitly assumed to be commutative with unit element.) We recall the definition of a valuation of A. Let T be a totally ordered commutative group written additively. We adjoin an element oo to T and extend the addition and the ordering of T to : = T U {oo} bya + oo==oo + a = oo and a < oo for every a G r^. Remark. The model theoretic result that the theory of algebraically closed fields with non-trivial valuation-divisibility relation has elimination of quantifiers implies that the equivalence classes of valuations of A correspond bijectively to the elementary equivalence classes of ring homomorphisms from A to non-trivial valued algebraically closed fields.
DEFINITION.
i) S(A) denotes the set of all equivalence classes of valuations of A. (In the following we often do not distinguish between a valuation and its equivalence class.) ii) K(A) denotes the boolean algebra of subsets of S(A) generated by the subsets of the form {v G S(A)\v(a) > v(b)} (a, b G ^4). ii) v\H is a valuation of A iffcT C H, and in this case v\H is a specialization of v in Spv A. • Now we can describe all specializations of v in Spv A. PROPOSITION (1.2.4). Every specialization of v is a secondary specialization f a generalized primary specialization of v, and also a primary specialization secondary specialization of v.
The generalizations of v in Spv

PROOF.
i) Let w G Spv A be a specialization of v. We show that w is a secondary specialization of a generalized primary specialization of v. If cT v = {0} and v(a) < 0 for each a G A \ supp(w) then the trivial valuation u of A with supp(u) = supp(w) is a generalized primary specialization of v and w is a secondary specialization of u. It remains to consider the case that cT v / {0} or v(a) > 0 for some a G A\supp (w). We notice for arbitrary a, b G A. . ii) Let w be a specialization of v. We show that w is a primary specialization of a secondary specialization of v. By i), w is the secondary specialization of a generalized primary specialization u of v. If u is a primary specialization of v, then the assertion follows from the subsequent Lemma (1.2.5 ii). Now assume that u is not a primary specialization of v. By the subsequent Lemma (1.2.6) there exists a primary generalization w f of w with supp (it/) = supp (v\cT v ). Then w' is a secondary specialization of v|cr v . By (1.2.5 ii) there exists some v' G Spv A such that v' is a secondary specialization of v and a primary generalization of w'. Then w is a primary specialization of v'.
• LEMMA (1.2.5). Letw be a primary specialization of v. ii) The support mapping supp : Spv 'A -• Spec A is spectral. iii) Let M be the set of all trivial valuations of A. Then M is closed in Spv 'A and supp \M: M -> spec A is a homeomorphism if we equip spec A with the constructible topology of the spectral space Spec A.
Let us motivate the topologies T,T',T". Let k be an algebraically closed field complete with respect to a rank 1 valuation ot : k -• Too. In rigid analytic geometry one associates to every (affine) variety X -Spec E over k an analytic space whose underlying "topological space" is the set X(k) of ^-rational points of X equipped with a Grothendieck topology G [BGR] , [FP] . The admissible open sets of G are sets of the form (*) {x G X(k)\a(fi(x)) > a(gi(x)) / oo for i = 1,..., n} with (Notice that weak inequalities > are used in order to define the admissible open sets.) The description (*) of admissible open sets suggests to work with the topology T. As is shown in [Hu] , there is a strong relation between (X(k),G) and SpvE.
Concerning the topology T' there is, for example, the following application: In [Be], Berkovich constructs to SpecE an analytic space but instead of (Jf (fc),G) he uses the topological subspace {v G Spv'E\v has rank 1 and v\k = a} of Spv'E.
We are interested in T" since there are applications of Spv" in algebraic geometry and analytic geometry (cf. c) Let k be an algebraically closed field, a a nontrivial valuation of k and E a finitely generated fc-algebra. By Spv"(a,i£) we denote the proconstructible subspace {v G Spv"E \ a = v\k} of Spv"E. e) If the topological space Spec A is noetherian, then the closure of a constructible subset of Spv "A is constructible (cf. (2.2)). But Spv" has a big disadvantage in comparison with Spv and Spv'. Namely, Spv" A is disconnected if dim A > 1, whereas Spv A is connected iff Spv' A is connected iff Spec A is connected. Even in the geometric situation we have: Let a be a henselian valuation of a field k and A a finitely generated fc-algebra. Then Spv "(a, A) has infinitely many connected components if dim A > 1, but Spv [a, A) is connected iff Spv'(a, A) is connected iff Spec A is connected. (Remark: Let Z be the set of closed points of Spv "A (resp. Spv "(a, A)). For every z G Z, let G(z) be the set of generalizations of z in Spv "A (resp. Spv o" (a, A)). Then (G(z)\z G Z) is the family of connected components of Spv "A (resp. Spv "(a, A)).) Let /: A -> B be a ring homomorphism. We want to study the relation between the specializations (resp. generalizations) of a point v in Spv B and the specializations (resp. generalizations) of Spv(f)(v) in Spv A. By (1.2.4) it suffices to consider secondary specializations (resp. secondary generalizations) and primary specializations (resp. primary generalizations). Concerning the secondary specializations (resp. secondary generalizations), we have the following trivial remark.
Remark
Remark (2.1.2).
Let v be a point of Spv2? and w: = Spv(/)(v). Let S(v) (resp. G(v)) be the set of all secondary specializations (resp. secondary generalizations) oft; in SpvB, analogously S(w) (resp. G
(w)). Then Spv(/): Spv B -• Spv A induces surjective mappings S(v) -• S(w) and G(v) -> G(w).
Let v be a point of Spv B. We call Spv (/) primarily generalizing at v if for every primary generalization y of Spv(/)(v) in Spv A there is a primary generalization x of v in SpvB with y = Spv (/)(#). We call Spv(/) universally primarily generalizing at v if, for every base extension g: C -> C 0A B of f and every point w of Spv C (8)A B lying over v, the mapping Spv (g) is primarily generalizing at w. Analogously we define (universally) primarily specializing.
With this definition we have
PROPOSITION (2.1.3). Let v be a valuation of B. Then the following conditions are equivalent.
i) Spv(f) is universally primarily generalizing at v.
ii) Spec(f) is universally generalizing at supp(v).
PROOF, ii) follows from i) by (1.2.6). Let us assume ii). Let t be a primary generalization of s: = Spv (f)(v) in Spv A. We have to show that there exists a primary generalization w of v in Spv JE? with t = Spv(/)(w). By (1.2.2) there exist valuation rings A', C and a ring homomorphism h: A -* A! such that C C A', qf(C) = qf(A') and Spv(h)(*') = t and Spv(/i)(s') = s where t' and s' are the points of PROOF, i) is obvious, since there are no specializations in the fibres of /; ii) and iii) follow from (2.1.6).
•
Closure of constructible subsets.
PROPOSITION (2.2.1). Let A be a ring such that the topological space Spec A is noetherian and let L be a constructible subset of Spv"A. Then the closure L of L in Spv"A is constructible.
The analogous statements for Spv A and Spv'A are not true. Examples:
i
is not constructible (by the results of (3.2)). ii) The closure of {v G Spv'Z\v(2) > 0} in Spv'Z is not constructible. In order to prove (2.2.1) we need the following lemma. Then 7r
LEMMA (2.2.2). Let
in Spv"*;. Let v be an element of K. We have to show that there is a constructible subset W of Spv"« with PROOF. We choose a field G and a constructible subset M of Spv G such that E G F, G is finitely generated over E and L is the preimage of M under the mapping /: SpvF -• SpvG. Since / is surjective, we have to show that g(M) is constructible in SpvF where g is the mapping SpvG -• SpvF. Let A be a finitely generated F-subalgebra of G with G = qf(A) and h: Spy A -> Spv F be the canonical mapping. Let AT be a constructible subset of Spv A such that N is closed under primary generalizations in Spv A and M = N fl Spv G. Then g(M) = h(N). (Indeed, let v G N be given. By (1.2.6), there exists a primary generalization w of v in Spv A with {0} = supp (it;). Then w e M and 0(w) = h(v).) Now (2.1.1) shows that g(M) is constructible in SpvF.
• Now we prove (2.2.1). We use ideas from [Ru] . L is pro-constructible in Spv "A. Let v be an element of L. We have to show that there exists a constructible subset M of Spv "A with v G M C L. Put F = qf (A/supp (v)). Applying (2.2.2 iii) to the local ring A supp ( v ), we obtain a constructible subset N of Spv"F with v G N C L. Let M be an open constructible subset of Spv"A/supp (v) with MnSpv"F = N. By (1.2.6), M is contained in the closure of N. Hence v G M C L. Since Spec A is noetherian, M is a constructible subset of Spv "A.
Curve selection lemma.
We have the following abstract version of the curve selection lemma. Concrete versions will be deduced from it in (3.2.6) and [HU2] . PROPOSITION (2.3.1). Let A be a noetherian ring and v a point of Spv"A. We assume that A is universally catenary or that A is local and henselian with maximal ideal supp(v). Put T = {w' G Spv"A\w specializes to v} and To = {w G T\ht(supp(v)/supp(w)) < 1}. Then T is the closure of TQ in the constructible topology of Spv"A.
PROOF. We may assume that A is local with maximal ideal m = supp(v). Let L be a non-empty constructible subset of T. We have to show L fl To ^ 0. We may assume L = {x G T\x(ai) > x(bi) and x(ci) > x(di) for i = 1,..., n} with o,i,bi,Ci,di G A. Let w be an element of L. Assume ht(m/supp (w)) > 2. Then we will show that there exists a u G Spv "A with
Then we are done, since dim A is finite.
• Without loss of generality we can assume that A is an integral domain and supp (w) = {0}. Furthermore we may assume bi / 0 for i = 1,..., m and bi = 0 for i = m + 1,..., n (which implies a* = 0 for i = m + 1,..., n). We have ^ 0 for i = 1,..., n. Since v is a specialization of w in Spv "A, there exists a smallest convex subgroup H of T w with cr^ C H and v = w\H. Let Ä be the convex hull of H in PÜ). Then C ÜT. Hence we have a specialization si -w\H ofw in Spv"B with v = s\A.
Let
• Now we distinguish two cases. First case: v is trivial. Let v be a trivial valuation of B such that supp (s) C supp(t;) and supp(v) is closed in / -1 (m). Then, clearly i), iii), iv) are satisfied.
Since s(^-)>0fori = l,...,ra and s is trivial, we have G supp (s) C supp (v) for i = 1,..., n. Hence ii) is fulfilled.
Second case: v is non-trivial. Then the existence of a valuation v of B satisfying i)-iv) follows from the fact that s fulfills i), ii), iii) and the result that the theory of algebraically closed fields with non-trivial valuation-divisibility relation has elimination of quantifiers ( [P, 4.17] 
(2) There exists a t G Spv"£ with i) t is a generalization of v, ii) h £ supp(t), iii) {0}^supp(t). 
Connected components.
In this paragraph we study the connected components of pro-constructible subsets of valuation spectra Spv A.
We begin with a general remark on connected components of spectral spaces.
LEMMA (2.4.1). Let (Xi\i e I) be a cofiltered system of spectral spaces such that all transition maps Xi -• Xj are spectral Let X be the projective limit of (Xi\i G /) in the category of topological spaces. Then Spv (a, A) = (S(a,A),T\S{a, A) 
) Spv'(a,A) = (S(a,A),T'\S(a,A)) Spv"(a,A) = (S(a,A),T"\S(a,A)).
), r(L) is constructible in Spv (a, A).
If L is open (resp. closed), then we choose M open (resp. closed) in Spv(/3|F, A ®k F). By (2.1.4) (resp. (2.1.7 ii)), we obtain that r(L) is open (resp. closed) in Spv (a, A). iii) follows from (2.4.5) and (2.4.11).
• PROPOSITION (3.1.2). Let (K,ß) be a henselization of(k,a). Then i) There is a canonical bisection between the set of clopen subsets of Spv (a, A) and the set of clopen subsets of Spec A ®k K. Especially, the connected components of Spv (a, A) correspond to the connected components of SpecA <S>k K. ii) There is a canonical bisection between the set of clopen subsets of Spv'(a, A) and the set of clopen subsets ofSpecA®kK-Especially, the connected components of Spv'(a, A) correspond to the connected components of SpecA <S>k K• PROOF. By (3.1.1 iii), Spv (/?, A ®k K) ^ Spv (a, A) and Spv'(ß,A® k K) ^ Spv (a, A). Hence we may assume (K,ß) = (fc,a), i.e. a is henselian. Then the assertion follows from (2.4.4) and (2.4.11).
• PROPOSITION (3.1.3). If A is finitely generated overk, then every constructible subset of Spv (a, A) or Spv'(a, A) has finitely many connected components.
PROOF. (2.4.9) and (2.4.11).
PROPOSITION (3.1.4). If the topological space Spec A is noetherian, then t closure of a constructible subset of Spv"(a, A) is constructible.
PROOF. Let L be a constructible subset of Spv "(a, A). We choose a constructible subset M of Spv"A with L = MR Spv "(a, A). Let L (resp. M) be the closure of L (resp. M) in Spv"(a, A) (resp. Spv"A). Then L = MnSpv''(a, A), since Spv "(a, A) is closed under generalizations in Spv "A. Now (2.2.1) implies that L is constructible in Spv "(a, A) .
• The (combinatorial) dimension dim X of a spectral space X is the supremum of lengths of chains of specializations in X. PROPOSITION 
PROOF.
i) By (3.1.4), L is constructible in Spv"(a,A). By (3.2.1 ii) and (3.2.3), LHMax (a, A) is the closure of LflMax (a, A) in Max (a, A), ii) follows from i) and (3.2.3).
• Proposition (3.2.5) means that the operation ~ commutes with the closure operations in Max (a, A) and Spv"(a, A). 
Supplement to (2.4).
In this paragraph we want to give a proof of PROOF. One can prove (3.4.1) by use of (2.4.1 i). But we give here another proof. Let P (resp. Q) be the specializations (resp. generalizations) of points of F\Z in X. Then PUQisa pro-constructible subset of X with Zn(PöQ) = 0. Let R be a constructible subset of X with Z C R C U \ (P U Q). Let S (resp. T) be the set of specializations (resp. generalizations) of points of R. _1 (L) and x an element of U. We have to show that there exists a constructible subset V of U which is connected and contains x. Put p = Spv(/i): Spv C -• Spv A. By (3.4.1) there exist a constructible subset W of L and a constructible subset V of U such that {x} = p _1 (p(x)) n V and V is a clopen subset of p~l(W). Since VF has finitely many connected components, we may assume that W is connected. We claim that then V is connected, too. Assume by way of contradiction that there exists a decomposition V = V\ U V 2 into nonempty clopen subsets. Let q: V -• W be the restriction of p. By (2.1.7 ii), q is closed and by (2. Hence #g~l(x) > n for every x G I/, contradiction, ii) Let L be a pro-constructible subset of Spv E such that every constructible subset of L has finitely many connected components. We will show that every constructible subset of # -1 (L) has finitely many connected components. By (3.4.2) we may assume that F is purely transcendental over E, and then by induction we may assume that F = E(T) has transcendence degree 1 over E. We consider the canonical mapping /: SpvE[T]
SpvE. By (2.4.7), it suffices to show that every constructible subset of / -1 (L) has finitely many connected components. Let M be a constructible subset of / _1 (£) and x an element of M. We will show that there exists a connected constructible subset of M containing x. Let E be the algebraic closure of E. We consider the commutative diagram (with canonical morphisms)
Spy E[T] -£ZU Spv E[T] f
SpvE
• SpvE. 
